Persistence of Hyperbolic Tori in Generalized 
Hamiltonian Systems* 

Zhenxin Liu| Dalai Yihe and Qingdao Huang 

College of Mathematics, Jilin University, Changchun 130012, P. R. China 



Abstract 

In this paper we prove the persistence of hyperbolic invariant tori in generalized Hamil- 
tonian systems, which may admit a distinct number of action and angle variables. The 
systems under consideration can be odd dimensional in tangent direction. Our results gen- 
eralize the well-known results of Graff and Zehnder in standard Hamiltonians. In our case 
the unperturbed Hamiltonian systems may be degenerate. We also consider the persistence 
problem of hyperbolic tori on sub-manifolds. 
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1 Introduction and Main Result 

According to the celebrated KAM (Kolmogorov-Arnold-Moser) theory, we know that most 
of invariant tori of integrable Hamiltonians persist under a small perturbation. In their 
case, the Hamiltonian is standard and the dimension of invariant tori equals the degree of 
freedom, i.e., the "highest dimensional tori". However, some Hamiltonian systems' highest 
dimensional tori cannot survive the perturbations, but some tori which have lower dimension 
can be persisted under small perturbations, which are called lower dimensional invariant tori. 
In 1965, MelnikovW formulated a KAM type persistence result for elliptic lower dimensional 
tori of integrable Hamiltonian systems under so-called Melnikov's non-resonance condition. 
But the complete proof of his result was carried out more than twenty years later by Eliasson, 
Kuksin, and Poschel (see [2]-[4]). For the persistence of hyperbolic lower dimensional tori, 
in 1974, Graff! 5 ! considered the following Hamiltonian system: 

H = e+((j ,y) + -(y,Ay) + -(z, Mz) + P(x,y, z), (1.1) 

where (x, y, z) <G T n x R n x R 2m , M = ^ ® T ^ J , iv e R n is a fixed Diophantine toral 

frequency, and P is a small perturbation. The persistence of the unperturbed Diophantine 
hyperbolic torus T n x {0} x {0} was shown as well as the preservation of the toral fre- 
quency luq. Zehnder in [6], using generalized implicit function theorem, proved the same 
result. More recently, Li and Yi^ generalized the results of Graff and Zehnder on the per- 
sistence of hyperbolic invariant tori in Hamiltonian systems by allowing the degeneracy of 
the unperturbed Hamiltonians and they obtain the preservation of part or full components 
of frequencies. They adopted the Fourier series expansion for normal form N, which is a 
new technique. 

Due to important technical reasons, the development of KAM theory for odd dimensional 
systems has been considered as a challenging problem. Li and Yil 8 ! solve the delicate prob- 
lem by considering generalized Hamiltonian systems which preserve a prescribed Poisson 

"This paper has been published in: Northeast. Math. J. 21 (4) (2005), 447-464. 
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structure instead of volume. In their case, the Hamiltonians considered may admit distinct 
number of action and angle variables and more important, which can be odd dimensional. 
Motivated by their work, in this paper, we show that the Graff-Zehnder result also holds in 
generalized Hamiltonian systems. 

We consider the following parameter-dependent Hamiltonian system: 

H = e(A) + (0(A), y) + U ( V ) ,M(x, A) ( y ) ) + h(x, y, z, A) + P{x, y, z, A), (1.2) 



2\\zJ' v '\z_ 

where (x,y, z) <G T n x R l x R 2m , A is a parameter in a bounded, closed, connected region 
A C R k , M is symmetric, real analytic in i £ T> (r) = {x G C n /Z n : \Imx\ < r}, 
h{x,y,z,X) = 0(\(y, z)\ 3 ) is real analytic, and, the perturbation P is real analytic in a 
complex neighborhood D(r 7 s) = {(x, y, z) : \\vax\ < r, \y\ < s, \z\ < s} of T n x {0} x {0}. 
In the above, all A dependence are of class C l ° for some Iq > n. 
Write M in ljl.2jl into blocks: 

m =(bS m)> ^ 

where A = A(x, A), B = B(x,X), M = M(x,X) are I x I, I x 2m, 2m x 2m minors of 
M = M.(x,X) respectively. 

A so-called generalized Hamiltonian system is defined on a Poisson manifold which can 
be odd dimensional and structurally degenerate. Consider the manifold G x T n x R 2m , 
where G C R is a bounded, connected and closed region, T n is the standard n-torus and 
l,n,m are positive integers. Let / be the structure matrix in tangent direction, and J be 
the 2m x 2m standard symplectic matrix in norm direction. As in [8], assume / = /(A) be 
real analytic. Then the structure matrix / on G x T n x R 2m has the following form: 

^V ;)' 'W - ( J W E cU ) ■ 

where O denotes zero matrix, E = Ei n ,C = C nn with C T = — C. Let V denote the 
standard Euclidean gradient on R l x T n x R 2m . Then / defines a Poisson structure or a 
2-form uj 2 in the following way: 

{/i,/ 2 } - df 2 (Idh) = (V/i,/V/ 2 ) = ^(Idfrjdh), 

for all smooth functions /i,/2 defined on G x T n x R 2m , where {•, •} denotes the Poisson 
bracket. 

Then the equation of motion associated with 111 .2[| reads 

y 

x I = IV H. 



Thus, the unperturbed system associated with H.2fl admits a smooth family of invariant 
n-tori T\ = T n x {0} x {0} with toral frequencies w(A) = — E T (X)Q(X) parameterized by 
A £ A. As in [7], we first assume that J[M] is hyperbolic on A, i.e., if Aj(A), i = 1, 2, • • • , 2m, 
are eigenvalues of J[M](A), then 

H) there exists a constant cto > such that 

|ReA,(A)| > Co, 

for all A € A and i = 1, • ■ ■ , 2m. 

Next, we assume the Russmann condition 
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R) 



maxrank{<9 Q o;(A) : Vial < n — 1} = n. 



To make a difference between il(X) and toral frequency cj(A) = — E T (A)f2(A), we call 0(A) 
as pseudo- frequency. For general structure matrix I, we cannot obtain the persistence of part 
frequency components by the associate persistence of part pseudo-frequency components. 
But for some special structure matrix /, we can even obtain the unchanged toral frequency 
in spite that only part pseudo- frequency components are preserved (see Example 5.2), which 
of course depends closely on the specific form of E(X) and f2(A). So it is necessary to study 
the preservation of part or full toral pseudo-frequency components in connection with the 
degree of non-degeneracy of the matrix [^4] . As in [7] , we assume that 

ND) there is a 1 < uq < I such that both the uq x ti ordered principal minor U of 
[A] and Y = [M] — [B] T diag(C/ _1 , 0)[S] are non-singular on A, where O denotes the zero 
matrix. 

It is clear that ND) holds automatically if [^4] is non-singular on A and | [B] | A is sufficiently 
small (in particular, when [B] = 0). 
Define 

v= , 5 ] , (1-4) 

where 

a = (l + 2m)(|y- 1 | + |C/- 1 | + (|y- 1 ||[/- 1 |)(2|[S]| + |[ J B]| 2 |C/- 1 |)) A , (1.5) 
Po = — 1 + — Ma) . 1.6 

The main result of this paper is the following. 
Theorem 1.1 Consider i|1.2|) and assume the conditions H), R) ; ND) and 

\M-[M]\v {r)xA , \B - [B]\ v(r)xA < n. (1.7) 
Then there is an e = e(r, s,Iq,o~q,U) > sufficiently small such that if 

\d[P\D { r, s) xA < l n+1 s 2 e, \l\ < l , (1.8) 

then 

1) there is a < ro = ?"o(r, ctq, U) < r and a Cantor-like set A 7 C A, with |A \ A 7 | = 
0(7 where n* = max{2, n} , for which there is a C l °~ 1 Whitney smooth family of real 
analytic, symplectic transformations 

*a:£>(y,|) ^D(r ,s), A G A 7 , 
which are C l ° uniformly close to the identity such that 

Ho^ x = e* + (fi, (A), y) + i / ( V ) ,M.(x, A) Q \ + h(x, y, z, A) + P, (x, y, z, A), 



where 



\d[e* - d[e\ Aj = O(j n+1 se0, 

\d x n^d l x n\ Ai =o( 7 n+1 seO, 

\# X M. - d l x M\ v(ro)xAi = 0(7" +1 eC)- 
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Thus, all unperturbed tori T\ with A € A 7 will persist and give rise to a C 1 "- 1 Whitney 
smooth family of slightly deformed, analytic, quasi- periodic, invariant n-tori of the perturbed 
system; 
2) 

(fi»(A))< = (O (A))i, A e A 7 , i=l,2,.-. > n , 

i.e., the first no components of the perturbed toral pseudo-frequency remain unchanged. In 
particular, if = I, i.e., U = [A] is non-singular on A, then every Diophantine tori T\ with 
Diophantine type (7, r) for a fixed r > n — 1 will persist with unchanged toral frequencies. 



2 KAM Step 

In this section, we describe the linear iterative scheme with respect to l|1.2[) for one KAM 
step, say, form a ^th step to the (V+l)th step. Below, let r > max{n(n— 1) — 1, 1(1 — 1) — 1, 0} 
be fixed. 

Consider |JOJ and define e = e, Q = Q, M° = M, A = A, B° = B, M° = M, 

h = h, P = P, A = A, 70 = 7, r* = r, s = (^)" +1 e|. We rewrite [A°}(= [A]) into 
blocks: 

/ TT° n° 
[A°)= 1 



(D°) T V° 

where U° = U. Without loss of generality, assume that < so,ro,£o < 1. By (|1.8(l . we have 

\d{P \ D(ro , So) <Y l+1 s 2 s , \l\<n. (2.1) 

In what follows, quantities (domains, normal form, perturbation, etc.) without sub- 
scripts denotes the Hamiltonian in v-th step, while those with subscript "+" denotes the 
Hamiltonian of (y + l)-th step. And we shall use "< ■" to denote "< c" with a constant c 
which is independent of the iteration step. For simplicity, we set Iq = n. 

Suppose that at the j/-th step, we have arrived at the following Hamiltonian: 

H = N + P, (2.2) 
N = e+ (fi(A), y) + \ / Q ,M(x, A) Q \ + h Q (x, y, z, A), 



where (x, y,z) E D = D(r, s), A e A, e(A), il(X) are smooth on A, Ai(x, A) 



A B 

B T M 



is real symmetric over T> x A = {x : \Irax\ < r} x A which is smooth in A € A and real 
analytic in x £ T> = T>(r), P is real analytic in (x, y, z) £ D, smooth in A G A, and moreover, 

\d{P\ D xA < l n+1 s 2 e, \l\ < n. 

We shall construct a symplectic transformation $ = •Iv+i which transforms the Hamil- 
tonian (|2.2|) . in smaller phase and frequency domains, to the desired Hamiltonian in the 
next KAM cycle (the (v + l)th KAM step). 

Define 





= £ 9 , 
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k+ = ([io g i] + ir*+ 2 , 

D(a) = D(r+ + ^(r-r+),a), a > 0, 

V{a) = {x : \Imx\ < a}, a > 0, 

r(a) = |/fc| 3n+(n+1)T e-l fe lt, a >0, 

0<\k\<K + 

D+ = D(r+,8+), 

V+ = V(r+) = {x : \lvax\ < r+}, 

A = D(r+ + l -^-(r-r + ),is + ), i=l,2,---,8, 

10 • 



where a* is a constant such that (4^) a > 2. 

2.1 Truncating perturbations 

Consider the Taylor- Fourier series of P: 

p= E 



and consider the truncation 

R = £ wV^ M = E (^oo + (ftio,y) 

|i| + |j|<2,|fe|<^ + |fc|<-ff+ 

+(i\oi,«) + (y,Pk2oy) + (y,P k nz) + {z,p k02 z))e^ k ^ . (2.3) 

Lemma 2.1 Assume that 
HI) 

roc 

A™e~ A s^dA < e. 



Then we have 



Proof. Let 



\d[(P - R)\ Ds < Y'+W, |3iiJb 8 < •7 ,l+1 s 2 £, |/| < n. 



7 = E VktjV"z J e 



i v j p -~/^l{k,x) 

|fe|>KT + 



77 = £ PjktftfVe^ 1 ^*) 

|fe|<KT + ,|i| + |j|>2 



= E ^ '^-i.d, 

y |fc|<Jf+,|t| + |3|>2 

/ 
is the obvious anti-derivative of — — - — for \p\ + \q\ = 3. Clearly. 
dy p oz q 



P - R = I + IP 

Since, by Cauchy's estimate, 

I £ d\vk^y l A < \d l x P\ D{ ,, s) e~^ r < r+'she-^, \l\ < 
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from HI) we get that 



\d[l\ Ds < J2 Y l+1 s 2 £e-^ r e^ r + + ^ r - r +» 

\k\>K + 

OO ^ />OC _ 

< 7 " +1 s 2 e V ^e-^-^ < j n+1 s 2 e / X n e - xL ^ ± d\ 

K =K + Jk + 

< i l+1 s 2 e 2 , \l\ < n. 

It follows that 

\d[(P /)b 8 < \d[P\ D{rtS) + \d[l\ Da < -7 n+1 s 2 e, \l\ < n. 
By Cauchy's estimate we obtain 



D 8 



< 



< 



< 



dyPdzi 



X d x p kv] e^ k ^y l z>dydz 



dyPdzi 



|fe|<AT+,|i| + b1>2 



d[(P -I-R) 



LK 



dydz 



dydz 



Lh 



D, 

1 

3 
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< n. 



Thus, 

and therefore, 



\d l x (P-R)\ D8 <n n+1 s 2 e 2 



\d[R\ Ds < \d[(P - R)\ Ds + \d l x P\ Ds < -r +1 s 2 e, \l\ < 



2.2 Transformation and homogeneous equation 

Write M into blocks 

M(x, A) = 
where 

A(x,X) = A k e^ k > x \ B(x,X)= ]T B k e^ k ' x \ M(x, A) = £ A/fee^ 1 ^ 
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are I x I, I x 2m, 2m x 2m minors of M. respectively. 

To transform (|2.2|) into the Hamiltonian in the next KAM cycle, we will construct the 
averaging transformation as the time 1-map <fip of the flow generated by a Hamiltonian F. 
To this end, suppose F has the following form: 



F= (fko + (fki,y) + (F k i,z})e^ k ^ + (F 01 ,z). 

0<\k\<K + 



(2.4) 



As in [7] , to be able to keep the first no components of the toral pseudo- frequencies, we 
shall also find af, e R n ° so that the translation of coordinate 



x -> x, y -^y + 
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removes all possible drifts among the first no components of the new toral pseudo- frequencies. 
We introduce the following notations: 



[A] 



U D 
D T V 



0<\k\<K + 

+[R]-(Pooi,z)+ J2 (B-kJF kl ,y), (2.5) 

\k\<K+ 

R t = (l-t){N,F} + R, (2.6) 
y* 



o J' 

where U, D, V are the no x no, no x (I — no), (/ — no) x (J — no) minors of [A] respectively. 
Denote 

Then we have 

H + = H o $ + = H o <j> x F o <f> = (N + R) o <f> x F o (j) + (P - R) o (f> l F o 
= (iV + iO°0-(j/.,(A-[A])j/)-(y,,flz> 

+ ({7V, P} + B - i?') o + (y*, (A - [A])y) + (y*, Bz) - Q 

+ [ {R t , F} o 4> F o 0dt + (P - B) o ^ o + Q, 



where Q is to be determined in the following. 

As in [7], we need to choose a function Q such that both equations 

({N,F} + R-R>)o<f>-Q + (y*,(A- [A\)y) + (y.,Bz) = 0, (2.7) 

diag(tf, 0)y, =diag(J no ,0)(-P io- ]T B^JF^) (2.8) 

b'l<«"+ 

are solvable. If this is the case, we then arrive at that 
H+ = N+ + P+, 

N + = e + + (Q + (X),y) + U( y ),M + ( y ))+h (x,y,z,X) 



where 



2\\zJ \z_ 

e+ + (n + (A), y) + U( v \( 5 + + t m + ) (f ) ) 



e+ = e + Pooo + (0, y*) + -(y*, W]y*), (2.9) 

n + = Q + diag(0,/ n _ no )(U]y*+P 01 o+ ^ B_ k JF kl ), (2.10) 

|fc|<if + 

cj + = -p T r2+, (2.ii) 

A+=A+ J2 2P fc20 e^ T ^, (2.12) 
|fc|<K + 

B+ = B+ J2 Pkue^ k < x \ (2.13) 
|fc|<K + 
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M+=M+ J2 ZiW^*'^, (2.14) 

\k\<K+ 

P+= [ {R t , F} o (f>p o 4>dt + (P - R) o fa o <j) 
Jo 



+ \{y*, ( A - l A ])y*) + h (x,y + y*,z,\) - h (x,y,z,X) 

+ Y ((y*, P Woy*) + (y*,2P k20 y) + (y„P k nz))e^ I{k ^ +Q. (2.15) 

\k\<K+ 

We now consider the equations 1|2.7[1 and Q2.8[l . By careful observation of 1|2.7|) . wc 

suppose that Q has the following form: 



Q=( Y {-{\d x {y,A(x,\)y)+d x {y,B{x,\)x 



v 2 

0<|fc|<i? + 

+ -d x {z,M(x,X)z) + d x h a (x,y,z,X) 1 E T f kl ) 

+ V^l(Ek, A(x, X)y + B(x, X)z 

+ d y h (x,y,z,X))(fko + (fki,y) + (F k i,z)) 

+ V=l{^d x (y,A(x,X)y)+d x (y,B(x,X)z) 

+ ^d x (z,M(x,X)z)+d x h (x,y,z,X),Ck)(f k0 + (f ku y) + (F kl , z)))e^ k ^ 
+ ((BkJF x,y) + {M k JFvuz))e^ k ^ 

\k\>K+ 

+ Y ((Bk-jJFjuy) + (M^JFju z))e^~ 1 ^ 

\k\>K + ,0<\ 3 \<K + 

+ Y (dzh (x,y,z,X)JF kl ,z)e^ T{k > x) )o ( f> 

0<\k\<K + 

+ Y (V^l(k,E T n(X))(f ku y*) + (P kla ,y*))e^ k ^ 

0<\k\<K + 

+ E ((y*,A k y) + (y^B k z))e^ k ^ 

\k\>K+ 

+ Y (y.,B k - j JF jl )eS= I <"rt. (2.16) 

0<|/c|<A + ,0<|j|<X + 

Substituting 12.3|I - H2.5() and (|2.16() into (|2.7() and comparing coefficients, from equations 
<|2.7|) and l|2.8|l we obtain the following linear equations for all < \k\ < K + : 



-l{k,Lo(X)}f k0 =P k0 o, (2.17) 
V = l(kM^))fki=Pkio + A h y,+ Y B k-i JF iU ( 2 - 18 ) 

\j\<K+ 

V^l(k,u(X))F kl -[M]JF kl = Y Mk-jJFji 

o<bl<if+j#fc 

+P fe0 i + Bl y* + M k JF 01 , (2.19) 
[M]JFoi = —Pool — Y M-.JF^-lB^y*, (2.20) 

0<|i|<K+ 
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diag(tf, 0)y, =diag(I„ ,0)(-P io- ^ B -J JF H -[B\JF 01 ), (2.21) 

0<\j\<K + 

where w(A) = -E T (X)Q(X). 
Denote 

A + ={AeA:|(fc, w (A))| >-L < |fc| < K+}. (2.22) 

If we assume that 
H2) 

\d[(M - M°)b W xA < 4. 1*1 <"> 
then as in [7], Ij2.17jl - lj2.21jl can be equivalcntly written into the following system form: 

{A-A)T = V, (2.23) 

where A and A are defined as in [7]. 

2.3 Estimate on (A - A)~ x 

As in [7], by the hyperbolicity of J[M°] and the definition of rj, we can prove that 

KAVk < T- I^°Iao < — , I (A -A°)~ 1 \a < 2p - (2.24) 
2 Po 

Lemma 2.2 Assume H2) and ateo t/iat 
H3) 

|9U-9U°|a<4- 

TTien for Sq sufficiently small, C = A — A is non-singular on A, and moreover, the following 
holds: 

ldlC-% < -KZ, \l\<n. 

Proof. Similar to Lemma 3.2 of [7], we have |3\£ -1 |a < -K+- By induction, 

^{L-^K-Kl, \l\<n. 

Above all, by the hypotheses H2) and H3), the linear system Ij2.23j) can be uniquely 
solved on A + to yield smooth functions fko, fkx, -Pfci> Fox, V*, < \k\ < K + . 

2.4 Estimates on the transformation 

Denote 

C = Kl +2 T{r - r+f. 
Lemma 2.3 Assume H2). Then the following holds for all \l\ < n: 

1) \0 1 x v4a + < -7 ,l+1 seC; 

2) On D(s) x A +; 

\d[F\, \d[F x \, s\d[F y \, s\d[F z \ < -AC; 

3) On D(s) x A + , 

\d l x D*F\<-eC, \i\>2. 
Proof. The proof is similar to that in [7] . 
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Lemma 2.4 Assume H2), H3) and also that 
H4) 

se( <g(r-r+), se( < s+. 

Let (f)p be the flow generated by F. Then the following holds: 

1) For all < t < 1, </> F : D% — > -D3, : -Di — > -D2 sre we// defined, real analytic and 
depend smoothly on A £ A +; i.e., $ + = F o <f> : D + — > D; 

2) |^(0 4 F -zd)b (s)xA+ < -seC, l^ i (*+-*<0b + xA + < <, /or a// 1/| < n, i > 0, < 
i < 1, where D = dr x>y ^ z y 

Proof. Let AeA + . 

1) It is easy to see that : D\ —* D2 holds by Lemma 2.3 1) and H4). 
We note that 



<6* F = id+ f Xpo^d^ (2.25) 
Jo 

where 

X F = 7(A) VF = (E(X)F X , —E T (X)Fy + C(X)F X , JF Z ) T . 

Denote <p F1 , </> F2 ' ^F3 as components of <p F in y, 2, z planes respectively. For any (x, y, z) £ 
D2, let i* = sup{i £ [0, 1] : <j> F {x, y, z) £ D3. By making £0 small, we have that D3 C D(s). 
It follows from H4) and Lemma 2.3 that 

\<i> F1 {x,y,z)\ < Ij/I + I / £?(A)J^ o 4df| < + < 2 S+ + - s 2 eC < 3s+, 

Jo 

(x,y,z)\ < \x\ + \ f (-E T (X)F y +C(X)F x )o<f> F d^\<\x\ + -(\F x \ + \F y \) D(s) 



bF2 



< r + + ^(r-r + ) + -se( 



|0 F3 (x,y,z)| < \z\ + \ f JF z o^ F d£\<\z\ + \F z \ Dis) <2s + + -se(<3s + , 

Jo 

i.e., (f> F (x, y, z) £ D3 for all < t < i». Thus, t» = 1 and 1) holds. 
2) By Lemma 2.3 and <|2.25[) . we immediately have 

\4>p - id\ D{s) < -se(. 

Differentiating (|2.25|) with respect to A yields 

dxfo = f X F o 4.8x4.6^ + f (d x X F ) o 4d£ 
Jo Jo 

(E(X)F X , -E T (X)F V + C(X)F X , JF Z ) T o </> F d A </> F d£ 



+ / d\(E(X)F x , —E T (X)F y + C(X)F X , JF Z ) T o F d£. 
Jo 

It follows from Lemma 2.3 and Gronwall's inequality that 

I<9\0f|£>( s ) < se(- 

By induction, we have 

\d l x ^ F \D(s) < -seC, \l\ < n. 
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The estimates for $ + follow from a similar application of Lemma 2.3 and Gronwall's 
inequality, and the identity 



3> + — id = (<t>p - id) o cj) + 



We omit the details. 

2.5 Estimate on N + 

We first estimate the new normal form. 

Lemma 2.5 For the new normal form, we have the following holds for all \l\ < n: 

|5i(e+-e)| A+ < -r +1 seC 

\d{(n + -n)\ A+ < -r +1 sec, 

\d{(M+ - M)\v + xA + < ■ 1 n+1 eT(r-r + ). 
Proof. First, by Cauchy's estimate we have 

\d{Puj\o < •s- ( ' i+j) |5iPb(,, s )xoe- |fc|r 

< . 7 n+i s a-w ee -|*|r j |fc| > o, = 0,1,2. (2.26) 

Then from (|2.9j> - H2.14|) and 1|2.26|) the Lemma immediately follows. 

2.6 Frequency property 

Lemma 2.6 Assume that 
H5) 

~f n+1 se(K + 

Then 

\(k,w+(X))\>^ F , 

for all A e A + and < |fc| < K + . 
Proof. By H5) and Lemma 2.5, one has 

|<ft,w+(A))| = Kft,w(A)) + (fc |W+ (A)-a;(A))| 



7 »+ 1 * e C*+ +1 < 7 - 7+- 



> |(fc, w (A)|- 7 " +1 se C^ 



as desired. 



2.7 Estimate on the new perturbation 

Denote 



A = - S 3 e 2 C 2 + •7™ +1 s 2 e 2 C 2 + -s+s^C. (2.28) 
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Lemma 2.7 Assume Hl)-H4). Then \d[P+\ D+ < A, \l\ < n. Thus, if 
H6) 

then 

\d{P + \ D+ <i n + +1 sle + . (2.29) 
Proof. Let \l\ < n, A € A + . By l|2.15|l . we have that 

P+ = W o ( f> + W 1 +Q + q+{P-R)o<f> + , (2.30) 

where 

W = [ {R t ,F}o<f > t F dt, 
Jo 

Wy = l{y m) (A-[A])y.)+ ((y*,Pk2oy*) + (y*,2Pk.2oy) + (y*,Pkiiz))e^ k ^ , 

\k\<K+ 

q = h (x, y + y*,z, A) - h (x, y, z, A). 

1) We first estimate (P — R) o $ + . 

By Lemma 2.4 1) and Lemma 2.1, we have 

|9i(P - R) o < |4(P - P)| S3 < - 7 «+W. (2.31) 

2) Then we give the estimate of q. 

Following the Taylor scries expansion, H4) and Lemma 2.3 1), we obtain 

\d[q\ D+ = \d l x (h' {y)y*) + ^yJo 2) V* + ^yl + o{vl)\ D+ 

< s 2 + \y*\ + s + \y*\ 2 + |y,| 3 < .s%\y.\ < V+^+^C (2.32) 

3) Then we estimate W\. 

By Lemma 2.3 1), <|2.15ll and H4), we have that 

WxWi\ D+ < -\y*\ 2 + E {\yA 2 i n+l e + S+ \yAi n+1 e)e^ r -i ± 

\k\<K+ 

< -\y*\ 2 + J2 sMr^ee-^-^ 

\k\<K+ 

< ■7™+ 1 s 2 e 2 C 2 + •s+7 n+1 seC7" +1 er 

< •7 n+1 s 2 e 2 C 2 . (2.33) 

4) Next, we give the estimate of Q. 

By a similar computation to [7], and noting that |£7(A)|, |C(A)| < c for some constant c, 
we obtain that 

\d[Q\ D+ < -s + s 2 e( + -7" + WC 2 . (2.34) 

5) Now we can estimate Wo ° (f>- 

We can obtain the estimate of Wo o as in [7] : 

\d[W ° 0| D+ < -s 3 e 2 C 2 + -7" + WC 3 + •7 n+1 s 2 e 2 C 2 - 
It will be proved that e( < 1 later, so we have 

\d[W o </>\ D+ < -sVC 2 + -7" +1 S 2 e 2 C 2 . (2.35) 
Above all, it follows from (|PT|) . lf2~3l)l . QTSfy . (JOB, f2~3l)) that 

\d{P + \ D+ < - S 3 e 2 C 2 + -7" + V £ 2 C 2 + -s^eC 

So by H6), l|2.29|l holds. This completes the proof of the Lemma. 
This completes one cycle of KAM steps. 
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3 Iteration Lemma 



Consider l(l~2"|) and let r , s , £o, 70, A , H Ql N , e , flo, M°, A , B°, M°,A°, h , P be denned 
in Section 2 and let D = D(r , s ), T> = {x : \lmx\ < r }, K = 0, $0 = id. We define the 
following sequences inductively for all v = 1, 2, ■ • • : 



H u (x,y,z,X) = N u + P v , 
e v + (n v ,y) + U( y \M v ' 



A" 



B" 
M v 



h (x,y,z,X), 



'v—\i 



ro 
1 



A„ 



log- 



S u -1 



V>1, 



= {A G A„_i : |(fc,n i/ _ 1 (A)>| > 

= D(r v ,s v ), 

= {x : \Imx\ < r„}. 



lu-l 



\ky 



< < K u }, u>l, 



Lemma 3.1(Iteration Lemma) If eq = £o(f* , &o, U°) is sufficiently small, then the following 
holds for all \l\ < n; v = 1, 2, ■ • ■ . 

1) There is a transformation $„ : .Dj, x A„ ► D v -\, which is symplectic and analytic 

in (x, y, z) G D v +\, and smooth in X £ A„ +1 , swc/i i/iai i/„ = H v _\ o emd 



I^D*^ - id) |£,„x a. < -^-lC-i, * > 0. 



(3.1) 



2) 



\9{{eu ~ 


eo)U„ < -7o +ls oeoCo, 


(3.2) 


\9{{e v - 


e„-i)|A,, < •7™^i 1 s i y-i£ I /-iC-i I 


(3.3) 


1^(0, - 


-Oo)k < -7? +1 so£oCo, 


(3.4) 




-a,_i)| Ai/ < ■7"i 1 1 s„-i£„-ic„_i, 


(3.5) 




wo)|a„ < -7o l+ls o£oCo, 


(3.6) 


\d{{uj u - 


Uu-i)\k v < ^^lSf-ief-lCiz-l! 


(3.7) 


\d[(M v 


-M )k*A„ <-7o + %Co, 


(3.8) 


\d{{M v 




(3.9) 


\9 1 xPu\d, 




(3.10) 


i = l,2, 


■■ ,n . 





4) 



A v+1 = {A G A, : |(fe,^(A))| > Jf v < \k\ < K u+1 }. 

\K\ 
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Proof. The proof amounts to the verification of Hl)-H6) for all v. The lemma will be proved 
by induction. 

By definitions of e v , s„, we clearly have 



-(f)" 



s v = - e 



A 3((f)--i), 



so- 



By making eg small, we obtain that 

log(n + 1)! + n(a* + 2) log 
+ (n + l)((i/ + 5)log2-logr ) 



1 



1 



< log(n + 1)! + n(a* + 2) log I log — + 2 ) - ( log — ) r 
+(n+l)((i/ + 5)log2-logr ) 

< - log—, 



(3.11) 
(3.12) 















( 


log — 


+0 


- 1 ( 


log — 


+0 



a*+2 



To 



where the first '<' holds because of the choice of a* satisfying ^ttff flog -^j > 1. Hence, 



\ n e - XL ^ ± d\ <{n + 1)\K2 +1 



2-+ 5 \" +1 _ K 



This verifies HI). 

The verification of H2)-H3) is similar to that in [7], the reader can refer to [7] for details. 
To verify H4)-H6), we will prove e~5( 2 < 1 at first. By making £o sufficiently small, it 
follows that 



eH 2 



fc o 



< r g( 9 ; 
— £ 



log - + 1 

e 

log - + 1 

e 



2(n+2)(a*+2) 



-rial" 

1 >. 9 / 



1 



log - + 1 

e 



((3n+(n + l)r + l)!) 

2(n+2)(a*+2) 

24i/(3n+(n+l)r+l) 
2(»+2)(a*+2) 



/2 y + 5 



4 / 



4(3n+(n+l)r+l) 



j j e ff(-r)' / 2 4,y ( 3 ™+(™+ 1 ) T + 1 )] 
< 1. (3.13) 
Now, we can prove H4)-H6) easily. When e is sufficiently small, the following hold: 

l \ v 3((f i(f r 



S££ < S£9 = 



so£ 



< 



y+5 



1 



se( < s£» < -£ 3 s = s+, 
8 

7 «^ S £ C ^; +1 <« 7 o" +1 ^ < 



= 7- 7+, 



i.e., H4, H5) hold, where (*) holds similar to H3.13J1 . 
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At last, we give the proof of H6). By the smallness of Eq and the choice of Sq 
/7o\™ +1 - 

y— J e§ , we have the following estimates: 

_ B 2 /^A J„2/ i/2\ i ^ ^-o2 i 2, x A( n+1 2 



/ 1 V 3((fr-i),70v„+i ! -|(f)" 



< >y n + +1 s 2 + e + . 

This verifies H6). 

Above all, Hl)-H6) hold for all v = 0, 1, • • • , i.e., the KAM step described in Section 2 
is valid for all v = 0, 1, • • • . Now, (ESI, <E3, and (E3 follow from Lemma 2.5; IpHj) . 
EU, ESI and (EHJ) follow from ((221), ig^J), (JSTJ) and respectively; ljXTU|l follows from 
Lemma 2.7; part 2) of the lemma follows from Lemma 2.4; part 3) of the lemma follows 
from an inductive application of (|2.1U|I : part 4) of the lemma easily follows from Lemma 2.6. 
This completes the proof of the lemma. 

4 Proof of Main Result 

Let 

^l' y = $ O $! O ■ ■ • O $„, V = 0, 1, • ■ ■ 

Then : D v x A„ -> D Ql and 

i?o* 1 ' = iI !/ = iV 1/ +P I/ , ^ = 0, 1, • • • 

where Vf = id. 
Denote 

oo 

Then A* is a Cantor-like set consisting of non-resonant frequencies, and moreover, a measure 

i 

estimate similar to that in [9] (also [8], [10]) yields that |A\ A*| = O( 7 o"* _1 )- 
By Lemma 3.1 2), it is easy to see that N v converges uniformly on G* to 

N 00 =e 00 + {n oo ,y) + U Q , M°° Q \ + h (x, y, z, A) 

with 





- eo A» 


= O( 7o n+1 


l^oo 




= O( 7o " +1 


Woo - 




= O( 7o " +1 


M°\ V ( 


1)XA» 


= O( 7o " +1 



|.M C 

And as in [7], we get the convergence of ^ v on G* with the estimate 

|*°° - id| G . =0(e Co) = 0(e}). 
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Thus, we obtain that the perturbed system 1|1.2[) possesses an analytic, quasi-periodic, invari- 
ant torus with the Diophantine toral frequency Woo(A) = —E T (X) • f2<x>(A) for each Ae A,. 
By Lemma 3.1 3), we have 

{floo{X))i = (Slo(\))i, A G A*, i = 1,2,- ■ • ,n , 

1. e., the perturbed pseudo- frequencies preserve the first hq components of their corresponding 
ones. 

In particular, when no = I, it is clear that U° = [A ], U = [A], diag(/„ ,O) = Ii, and, 
diag(0, h-na) = O. Hence, 0„ = fio for aU v = 0, 1, • • • , i.e., fJoo = fioi ^>oa = ^o- So we 
obtain that when [A] is nonsingular, the Diophantine frequencies remain unchanged under 
small perturbations. 

5 Some Examples 

In this section we give some examples to illustrate our results. At first, we give an example 
for the persistence of invariant tori in generalized Hamiltonian systems. 
Example 1. We consider the following unperturbed system: 

N(y,u) = y + iy 2 + i(u 2 - v 2 ), 

where y,u,v G R x ,x = (xi,X2) T €E T 2 , that is, I = 2, n = l,m = 1, i.e., the system is an 
odd dimensional generalized Hamiltonian. The structure matrix in tangent direction / is 
assumed to be 

/ a (3 \ 
1= I -a -7 , 
V -13 7 J 

where a, ft, 7 are arbitrary real numbers with \a\ + \/3\ + \ j\ ^ 0. It is easy to see that 

»=(:?!:::!)• a=w 

It is easy to verify that the Riissmann condition is not satisfied, but A is always nonsingular. 
So by Theorem 1.1 we obtain that the majority 2-tori will persist with unchanged toral 
frequency. 

Then we give an example to illustrate the persistence of invariant tori on sub-manifolds 
in generalized Hamiltonian systems. For the persistence of elliptic invariant tori and mixed 
type of invariant tori on sub-manifolds, the reader can refer to [11] for details. 

Example 2. We consider the following unperturbed system: 

N{y,u) = X -y\ + X -y\ + ^{u\ - vj) + ^{u\ - 2« 2 ), 

where itj, Vi £ R},i = 1, 2, and x = (x\, x 2 ) T € T' 2 , y = (y 1: y 2l j/3) T G R 3 , that is I = 3, n = 

2, to = 2, i.e., the system is an odd dimensional generalized Hamiltonian. The structure 
matrix in tangent direction / is assumed to be 



f 








-1 



















-1 





















1 











1 




V 


1 





-1 





) 
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We consider the persistence of invariant tori on sub-manifold M : j/3 = a, a <E R. It is easy 
to see that 







f Vi \ 












\ 2/2 J 




By simple verification we see that the Russmann condition holds and A is always singular 
on the sub-manifold M. So by Theorem 1.1 we have that the first two components of il 
remain unchanged. And by the form of w(A) wc obtain that the majority 2-tori will persist 
with unchanged toral frequency. 
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